The topic of the article is the analysis of the in uence of selected design parameters and operating conditions on the radial steam micro-turbine, which was adapted to operate with low-boiling agent in the Organic Rankine Cycle (ORC). In the following parts of this article the results of the thermal load analysis, the residual unbalance and the sti ness of bearing supports are discussed. Advanced computational methods and numerical models have been used. Computational analysis showed that the steam micro-turbine is characterized by very good dynamic properties and is resistant to extreme operating conditions. The prototype of micro-turbine has passed a series of test calculations. It has been found that it can be subjected to experimental research in the micro combined heat and power system.
Introduction
In recent years low-power cogeneration systems are becoming more and more popular (the so-called CHP -Combined Heat and Power), allowing the combined generation of heat and electricity. Distributed energy generation in which they are used, in relation to the traditional way of producing energy has many advantages, such as the ability to match the system's capacity to meet the needs of individual customers, or the prospect of the use of local energy sources (e.g. biomass, biogas). The simultaneous production of heat and electricity at the place of their use helps to reduce transmission losses and thus obtain higher eciency. An important argument in favour of the promotion of modern energy technologies is also reducing harmful impact on the environment [1] .
In the micro power systems, heat and electricity cogeneration can be realized using di erent technologies. One of the most promising technologies are steam microturbines, operating in cycles with low-boiling agent (ORC) [1] [2] [3] [4] . Development of the construction, which will provide e cient, failure-free and unattended operation of such devices is currently a major challenge. This article discusses the study of one of the variants of radial micro-turbine developed in the framework of the research project implemented at the IFFM PASci.
The conducted simulation studies are aimed to detect potential design and operation problems that could arise during start-up and experimental studies of the actual machine. In this study, thermal load analysis was carried out as well as the analysis of the impact of the residual unbalance and bearing support characteristics on the dynamics of the rotating system. These types of issues are the subject of research in many scienti c and industrial centres all over the world [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In [4] analysis of the micro-turbine rotor with foil bearings was presented. The articles [5] [6] [7] discussed the study of micro-turbines used in distributed generation. In the books [8] [9] [10] [11] [12] [13] methods used to analyze the dynamics of turbine rotors were presented, that can be used also to preliminary analysis of the high speed microturbines. In addition to the widely discussed theoretical methods, the experimental studies of rotating machinery are discussed, which allows among others, to verify even currently being developed numerical models. With the results of the simulation tests performed on the stage of designing new machines, it is possible to signi cantly reduce dangerous and costly breakdowns. The results obtained through computer simulations also allow the quick testing of the alternative variants of machines. They can also be used during the development of diagnostic systems.
Analysis of thermal loads
Because the micro-turbines operate at high temperatures, we need to assess their impact on the operating conditions. Thermal loads can be caused by, among others, asymmetric heating of the rotor (which causes its de ection) and an increase in dimensions due to the occurrence of thermal expansion. Because in the analyzed machine, the generator's rotor is made of a permanent magnet, it is not expected to observe non-uniform heating of the shaft in the generator part. Therefore attention was focused primarily on the phenomenon of heating of the shaft and the rotor disc due to the ow of hot working medium.
The analysis was performed for the steam microturbine rotor, the design of which was developed at the IFFM PAS in cooperation with Technical University of Lodz. It is a radial micro-turbine (centripetal-centrifugal), having a 4-stage ow system. The nominal speed was approximately 24 000 rpm. The rotor diameter was 70 mm and the length of the rotor was 210 mm. The rotor was made of chrome steel with the designation 41Cr4. The bearing system consisted of two aero-static gas bearings. The power generator was located in the central part of the shaft. The rotating unit was mounted in a hermetic casing.
During the analysis it was assumed that the vapour having a temperature of 160°C will be owing to the rotor discs. To take into account the adverse e ects of the non-uniform heating of the rotor disc and the shaft, it was assumed that vapour will a ect half of the disc. Thermal analysis was conducted using the ABAQUS CAE software¹. FE model of the rotor is shown in Figure 1 .
. The temperature distribution in the micro-turbine rotor
In the rst stage of thermal analysis, the temperature distributions in the shaft and in the rotor disc were determined. The calculations assume that the rotor disc 1 Abaqus Analysis User's Manual, Version 6.14, 2014. will warm up to a vapour temperature of the low-boiling agent. Additional assumption that only half of the disc is subjected to heat was applied, in order to facilitate the emergence of more unfavourable temperature distribution, which corresponds to a partial admittance to the turbine section. The thermal load is de ned as a function of time. Its value increased linearly within 1 second. Heattransfer coe cient was equal to 58 W/(mK). The heat from the entire surface radiated with a coe cient of emissivity equal to 0.5. It was also assumed that the ambient temperature was equal to 50°C. The analysis was performed using the procedure "Heat transfer (steady-state)" with default settings¹. The FE model used in the calculation with marked surfaces having a temperature of 160°C is shown in Figure 2 .
The calculation results are shown in Figure 3 in the form of temperature distribution on the outer surfaces of the rotor and in its longitudinal section. The highest temperature occurred on the rotor disc and was consistent with the previously assumed value. In the remaining part of the rotor the temperature dropped due to heat exchange with the environment. At the other end of the rotor the temperature reached 139°C. The entire surface of the rotor disc had a similar temperature, despite the fact that only half of it was heated. One-sided heating of the rotor disc caused only subtle perturbation of the isotherms symmetry, and only around a heated disc. In the remaining part of the shaft, symmetrical and evenly distributed temperature changes occurred.
The presented results indicate that even with unfavourable vapour ow, due to the good thermal conductivity of the rotor's material only small temperature gradients are present. The disturbing result can be a relatively high shaft temperature in the bearings-generator part. For the journal near the ow part it was approximately 150°C, in the generator sleeve area about 145°C and for the sec- ond journal about 140°C. Because the micro-turbine has the gas bearings, such a high temperatures should not be a source of problems during operation. The temperature of approximately 145°C in the generator sleeve area was very unfavourable. The generator windings are able to operate properly at a maximum temperature of 150°C. Considering the fact that its temperature increases during the electricity generation process, it was found that in order to ensure its proper operation additional external cooling is needed.
. The distribution of thermal stress and thermal deformation
On the basis of the designated temperature distribution, structural analysis was carried out, the aim of which was to determine the displacements, thermal deformations and stresses. The ABAQUS system capabilities were used in the eld of coupled thermal stress analysis. Such a coupled analysis allows taking into account the results of thermal calculations when conducting structural analysis. The temperature distributions discussed in the previous section were included in the structural analysis as a load. The ambient temperature, which was also the initial temperature of the rotor was set at 20°C. This means that the increase in the dimensions of the rotor caused by thermal expansion was derived from the initial temperature. In order to carry out the structural analysis the following boundary condition was adopted. Displacement of the free end of the rotor (without disc) was blocked in all directions through restraint of the node located on the axis of rotation. Additionally, at the same end, the free rotation of the rotor was blocked. These boundary conditions allowed for the determination of displacements, deformations and stresses caused by temperature changes only, without the in uence of external restraints, which were analyzed in another step.
The displacement distribution (the total displacement vector) for the micro-turbine rotor is shown in Figure 4 . As a result of thermal expansion the overall length of the rotor increased by 0.37 mm. While the rotor disc diameter increased by 0.13 mm.
The next gure ( Figure 5 ) shows the distribution of thermal stress. The maximum thermal stresses reaching up 2.2 MPa are marked with red. They occurred in the disc between the seal and the bearing and in the location of abrupt change of the shaft diameter. The permissible stress for the rotor's material was 320 MPa, so the thermal stresses were negligible.
Rotor unbalance
Static and dynamic unbalances are often the cause of signi cant mass forces and bending moments in rotating systems. This is very important in the case of micro-turbine rotors, where rotational speeds reach up to tens of thousands of revolutions per minute. Therefore, the e ect of the quality of the rotor balancing on the dynamic characteristics was thoroughly investigated. The tests were conducted using the MADYN 2000 software², dedicated to the analysis of the various problems encountered in rotating machines. To better assess the impact of the residual unbalance on the dynamic state of the micro-turbine, di erent variants were analyzed in which the unbalance occurred in one or two micro-turbine discs. The base model of the rotor, used to evaluate the e ect of unbalance on the dynamic state of the micro-turbine is shown in Figure 6 . The calculations were carried out in a speed range of 5 000 to 50 000 rpm, assuming that the gas bearings are rigidly supported. At a speed of 50 000 rpm the maximum reduced stress caused by rotation reached 153 MPa in the turbine disc. Permissible stress for a disc made of 41Cr4 steel was 320 MPa, so the safety factor for that rotational speed was more then 2. 
. Unbalance in one disc
The case of unbalance in one rotor disc was analyzed in several variants. The unbalance of disc 2 (generator sleeve) and disc 4 (rotor disc) were considered, with di erent unbalance levels. The base value of the rotor unbalance was adopted on the basis of the standard ISO1940-1³. The permissible residual rotor unbalance should not exceed 1,2 g·mm for balance quality grade G 2.5 suitable for gas and steam turbines, having maximum speed of 50 000 rpm and rotor mass approximately 2 kg. In the calculations it was the base value. But in order to better assess the impact of the balance precision on the machine operation the case was also analyzed where the unbalance value was halved and two times greater than the recommended one. All investigated variants of the unbalance of the micro-turbine's disc are summarized in Table 1 .
Graphical interpretation of the analyzed cases of unbalance is shown in Figure 7 . On the left side there is an unbalance in the centre of the rotor, where the generator sleeve is located. The right part of the gure shows the case with the rotor disc unbalance. The following gures present the calculation results of vibration amplitudes for the journals and discs at di erent levels of unbalance.
The calculation results, presented in Figures 8 and  9 shows that in this case the level of the unbalance did not a ect the nature of the rotor vibration and only the amplitude values changed. With the increased value of the unbalance the vibration amplitudes increased for all discs and bearings. A twice as high value of the unbalance caused almost double increase in the vibration amplitude, which even in the most unfavourable case was relatively minor and reached a value of 1.3 µm. The highest amplitude of vibration was not recorded for the unbalanced disc No. 2 but for the disc No. 4, located at the end of the rotor. This resulted from the fact that the tested rotor was rigid and the unbalance force did not cause a large de ection. Due to the high rigidity of the rotor critical velocity did not occur in the analyzed speed range. Cylindrical and conical vibrations of the shaft were only observed. At nominal speed maximum vibration amplitude reached to 0.8 µm, and was similar for all elements of the rotor. To summarize this case it can be said that even with the unbalance of disc No. 2 twice as high as the acceptable value, the system operation was very stable.
In the second variant of one disc unbalance, three cases for the disc No. 4 were analyzed (Figure 7b ). Selected results depending on the level of unbalance were presented in the following gures (Figures 10-11) .
From the analysis of the gures we can see that the value of the unbalance of the rotor disc only a ected the level of vibration amplitudes. Depending on the level of unbalance the maximum vibration amplitude was between about 1 to 4 µm. This time, the highest values occurred for the disc on which the unbalance was modelled. The linear increase in the vibration amplitude caused by increase in the level of unbalance once again can be explained by the high sti ness of the shaft and the lack of meaningful de ection caused by shearing forces and linear bearing characteristics.
. Unbalance in two discs
More complex variants of the unbalance were also tested, when unbalance occurred simultaneously in two discs (generator sleeve and rotor disc). In addition, the possibility of an angular o set (180°) for the additional mass on the two discs was taken into consideration. All examined cases of unbalanced discs are shown in Table 2 . The graphical interpretation of these cases is shown in Figure 12 . The base value of unbalance, as in the previous paragraph was adopted on the basis of the relevant ISO standard³. Table 2 illustrates additional cases which were examined.
The results for the variant, at which the two discs were unbalanced with phase coincidence, are shown in Figures 13 and 14 for two di erent values of the unbalance. The vibration amplitudes of bearing journals and discs gradually increased to around 30-35 thousands rpm, and in the second part of the characteristics were almost constant.
The largest amplitude values were observed for the disc No. 4 and bearing No. 2 located between the rotor disc and the generator sleeve. The highest vibration amplitude for this variant was 2.4 µm at a speed of approximately 35 000 rpm (Figure 14) . When unbalance acceptable by the standard ISO1940/1 was applied, maximum vibration amplitude slightly exceeded 1 µm, which should be considered a very good result.
The last unbalance variant di ered from the previous one, in such a way that the unbalance force in the disc No. 4 had the phase of 180° (Figure 12b ). This method of micro-turbine rotor unbalance caused a gradual increase in vibration amplitude of the rotor elements with increasing speed, except for the disc No. 4, for which the vibration amplitude after exceeding 35 000 rpm began to lower. As in previous cases, the vibration amplitudes grew linearly with the level of unbalance. Selected results of the calculations are shown in Figure 15 . Despite the higher residual unbalance value than the one presented in the ISO standard, the rotor-bearing system operation was stable. In conducting simulation of residual unbalance a case which could produce the rotor vibrations causing operational problems was not found.
Analysis of bearing support sti ness
Sti ness of the bearing support can have impact on critical speeds of a rotating system and the amplitude of vibration in the entire speed range [7, [9] [10] [11] [12] [13] . The characteristics of rotating systems designated with ideal sti ness of supports often do not coincide with the experimental results. It is one of the most common reasons for non-compliance of theoretical and experimental characteristics of rotating systems. Therefore, it was decided to examine the e ect of the sti ness of bearing supports for the dynamic state of the micro-turbine. The analysis was performed in the MA-DYN 2000 software², on the assumption that sti ness and damping coe cients of aerodynamic gas bearings are constant.
. Rigid bearing supports
The base characteristics were the waveforms obtained with in nitely high sti ness of the bearing supports. A variant in which the unbalance was in the rotor disc (disc No. 4) amounting . · − kg·m was selected as a reference case. Graphical representation of this variant is presented in Figure 7b . The waveforms of the vibration amplitudes for the two bearings, and three discs (located at the two ends and between the bearings) are shown in Figure 16 . To be able to observe the critical speed of the rotor, the scope of the analysis was extended to 150 000 rpm. The Figure 16 shows that the critical speed of the system occurred at approximately 130 000 rpm. At this speed, the vibration amplitudes obtained for the discs and journals were maximal. The highest vibration amplitude of up to 24 µm appeared for the rotor disc, located at the free end of the rotor. The unbalance was modelled on this disc. At a resonant speed the vibration amplitude in the bearings reached up to several µm, which indicated a stable operation. After passing through the resonance a clear decrease in the vibration level of the rotor could be observed. At lower speeds (before resonance), system operation was very stable and the vibration amplitudes did not exceed 2 µm.
In order to assess the impact of the bearing supports compliance on the dynamic properties of the rotating system, the results presented in this section were compared with the results obtained for the system taking into account the compliance of the support system.
. Flexible bearing supports
To determine the sti ness of the bearing supports of the radial micro-turbine, additional analyzes were performed using the ABAQUS CAE software¹. These calculations were made using three-dimensional FEM model of the microturbine casing. This model, as compared to the actual construction was partially simpli ed. The parts which do not have a signi cant e ect on the sti ness of the bearing supports were omitted. The FEM model is shown in Figure 17a .
On the basis of this model, static sti ness of the bearing supports was determined. The displacements of the bearing supports were excited by static forces acting in the horizontal and vertical directions in the plane perpendicular to the rotor axis. The amplitude of the exciting force was equal to 20 N and was estimated as the sum of the maximum static and dynamic forces, which can be transmitted through the bearing at nominal speed. The results of the analysis in the form of displacements of the micro-turbine body excited by the force in the support No. 1 acting in a horizontal direction are shown in Figure 17b . The results showed that the greatest displacement of bearing supports for the force equal to 20 N reached 18.2 µm (in the support No. 2 in a horizontal direction). Designated static coe cients of the bearing support sti ness are summarized in Table 3 .
Accurate determination of the sti ness of bearing supports would require dynamic testing (experimental or computational) taking into account the frequency of the exciting force. Procedure for determining the dynamic sti ness is quite complex and is described in detail for example in [8, [14] [15] [16] . This analysis should begin with the designation of dynamic compliance of the bearing supports. Then, based on the compliance, sti ness can be determined using one of methods of dynamic characteristics transformation. It is therefore necessary to carry out timeconsuming experiments (or calculations) and to use complex mathematical equations. Due to the auxiliary character of the calculations, more sophisticated ways of determining the dynamic sti ness of the bearing supports were not needed in this case. Numerical analyses did not take into account the way the micro-turbine is mounted within the supporting structure. But it could be of vital importance for the sti ness of the supporting structure. The analysis was performed using the static sti ness designated in simpli ed manner. Due to the preliminary nature of the calculations it was assumed that the sti ness of both supports was the same and was equal to . · N/m in the horizontal direction and . · N/m in the vertical direction. These values were treated as base values, and the cases with ve-and ten-times higher sti ness were also checked. The results are shown in Figures 18-20 .
For a system which takes into account the compliance of bearing supports almost identical results were obtained as before -with a rigid bearing support. Minor di erences were observed only in the lower range of rotational speeds (around the nominal speed). Detailed analysis of the examined cases showed that changes in the sti ness of the bearing supports have little e ect on the substitute stiness in the supporting points of the rotor. The substitute sti ness is calculated according to the sti ness of the bearings and bearing supports. It turned out that due to the relatively low rigidity of the aerodynamic gas bearings, even large changes in the sti ness of the bearing supports did not have a signi cant impact on the rotor dynamics. With the rigid supports the substitute sti ness had a value similar to the sti ness of the bearings themselves. At the lower sti ness of the bearing supports the substitute sti ness decreased, but it did not a ect the high frequency vibration of the rotor, which was related to its very high rigidity. The only sign of change of sti ness in the supports was the slight di erence in the amplitudes of vibration at speeds close to nominal speed. At the lowest value of the sti ness of bearing supports, the vibration amplitude for disc No. 4 decreased by approximately 1 µm, which from a practical point of view, did not matter. These changes resulted from the change in the modal model of the system, and more speci cally from changes of the vibration mode frequencies for the case with the rigid rotor (cylindrical and conical vibrations). Because these modes of vibration are greatly damped, they have a very small impact on the dynamics of the rotor.
Conclusions
The article discusses the simulation study of the impact of selected structural and operational factors on the dynamic properties of steam micro-turbine rotor designed to work in the micro cogeneration power plant.
The study shows that the developed micro-turbine structure has very good dynamic properties and is resistant to adverse operating conditions. Non-uniform heating of the rotor did not cause the occurrence of large thermal stresses or shaft bending. The only doubts were caused by the relatively high temperature of the rotor within the mounting of the generator sleeve, which can prevent its correct operation. Therefore, it will be necessary to use external cooling in this part of the micro-turbine, which had already been taken into account in the design of the casing. Investigation of the e ect of residual unbalance on the vibration of the rotor-bearing system in a wide speed range (though many unfavourable cases were analyzed) showed no alarming symptoms indicating malfunctioning of the system. Similar conclusions can be drawn according to the impact of bearing supports rigidity on the dynamic state of the rotor. Even with very low sti ness of the supporting structure the rotor operation was stable. The simulation model of the steam micro-turbine successfully passed a series of veri cation tests. Analyzed micro-turbine can now be subjected to experimental research in laboratory conditions.
